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Abstract
Recently, attention has been paid to light scattering
problems involving photophoresis with arbitrary‐shaped
beams. In particular, the determination of longitudinal and
transverse photophoretic asymmetry factors (PAFs) plays
a crucial role in the scattering problem by lossy
microparticles, since such factors are proportional to
photophoretic optical forces. Here, we show that semi‐
analytical formulas recently presented for PAFs associated
with light scattering by lossy infinite cylinders, relying on
integrals with products of Bessel functions of the first kind
and their derivatives, can actually be given a complete
analytical form, therefore speeding up calculations in
light‐matter interaction between an incident optical field
and a cylindrical scatterer with unbalanced heat
absorption. To the best of the authors knowledge, the
solutions to such integrals are not available in the
literature.

1 Introduction
When a lossy and homogeneous rigid microparticle
absorbs light, unbalanced heat absorption takes place that
gives rise to thermal forces called photophoretic forces Fph
[1‐6]. The determination of such forces is usually
accomplished by first finding quantities called
(photophoretic) asymmetry factors (PAFs), J1 [1], or
asymmetry vectors, ras [7]. For instance, under uniform
plane wave illumination and assuming propagation along
+z, Fph  zˆ Fz  zˆ J1 , the proportionality depends on
hydrodynamic and thermal properties of the external fluid
and the particle [1,7].
In a series of recent works, Mitri explored the
interaction between a lossy infinite cylinder and arbitrary‐
shaped beams and provided expressions for the PAFs
using a semi‐analytic approach. This approach, based on a
partial wave expansion of the internal fields, has been
shown to be valid either for isolated dielectric or
magnetodielectric cylinders or for cylinders close to planar
boundaries and corner spaces [8‐10].
A common fact about all the expressions for the PAFs
available in these works is the presence of integrals of the
following form:
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In Eqs. (1) and (2), n is an integer (   n   ), Jn(x) are
Bessel functions of the first kind, a is the radius and mc is
the complex relative refractive index of the cylinder with
respect to the surroundings, respectively, k = 2/ is the
wave number in the external medium,  being the
wavelength. A prime denotes differentiation with respect
to the argument, and an asterisk denotes complex
conjugation.
Due to the lack of known available analytical solutions
to Eqs. (1) and (2), in [8‐10] numerical techniques are
employed in order to have accurate values of I1 and I 2 .
However, here we show that these integrals can actually
be solved after a great deal of algebra.
2

*
c

2 Analytical Expressions for I1± and I2±

To solve Eq. (1), we define new variables  = x, with x =
ka being the size parameter of the scatterer. Then, we
consider a similar integral, valid for arbitrary real (not
necessarily real) v:
x
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Next, we make use of the recurrence relation
J v 1 (mc  )  (v mc  ) J v (mc  )  J v (mc  ) to break Eq. (3) into
two integrals:
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The first integral in the r.h.s. of Eq. (4) can be solved
using a similar indefinite integral available in [11], see item
5.54, p. 639, or in [12], see (8), Sec. 5.11 where v is an
integer, and one gets:
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(5)

For the second integral in the r.h.s. of Eq. (4), one works
out Eqs. (60) and (61) of [5], which are expressed in terms
of Ricatti‐Bessel functions. After some arrangement and
simplification, and performing a substitution of the form
v  v  1 2 , one has
x
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Imposing v = n, substituting Eqs. (5) and (6) in (4) and
after some simplification, one finally arrives at
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Equation (7) shows that a full analytical solution can be
given to Eq. (1). Similarly, one can also solve for Eq. (2).
Although straightforward, we shall here omit the details,
which involves the use of recurrence relations to break into
parts and rewrite the term with products between
derivatives of Bessel functions in the second line of Eq. (2).
One then performs some rearrangements and identifies
each new integral either with either Rv , Sv or I1 . After
some algebra and simplification, one can then show that:
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The validity of Eqs. (7) and (8) have been assessed by
running computer simulations. They have been compared
with the integrals with Eqs. (1) and (2) by implementing
them using the commercial software Wolfram Mathematica
12.1 Student Edition. The code was then run on a personal
computer [Intel(R) Core(TM) i7‐3630QM CPU @ 2.40GHz,
16.0 GB]. Elapsed times for each case have also been
computed and saved for comparison.
The solutions provided by Eqs. (7) and (8) can be used
to evaluate the PAFs for infinite homogenous cylinders. As
we intend to show during the conference, divergences
between Eqs. (1), (2) and Eqs. (7), (8) are attributed to
numerical errors and can be made smaller by increasing
the numerical precision. Computational burden is reduced
by approximately two orders of magnitude.

factors. However, it is expected that the present work
serves as a first step towards new analytical solutions to
classes of integrals involving products of Bessel functions
of different kinds and their derivatives, as happens to be
observed when the cylinder is not electromagnetically
homogeneous. A similar problem might occur for multi‐
layered/coated spheres, and the results here presented can
certainly be of help in putting aside semi‐analytical
methods in the analysis of photophoretic forces and
asymmetry factors for arbitrary shaped beams in
generalized Lorenz‐Mie theories.
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